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b)

Fig. 5 Axial profiles: a) turbulent velocity fluctuation rms and b) tur-
bulent intensity. Symbols are the same as in Fig. 2.

Conclusions
The present results clearly show the existence of two regimes

in the diffusion of jets with annular counterflow and small diam-
eter ratio. For R ≤ 0.2, the combination of a high level of suction
and a narrow slot gives rise to a strong enhancement of the jet dif-
fusion and turbulent activity. However, it has been shown3 that a
fraction of the central flow rate is ingested into the slot for a tube jet
and the same diameter ratio. Furthermore, this fraction grows with
R. It is likely that the same phenomenon occurs with the present
nozzle. This probably contributes to increase the spreading of the
central jet and to accelerate the decrease of U (x) inside the collar
(Fig. 2). For R ≥ 0.28, the central jet completely fills the collar exit
section and effect of the suction is simply to give birth to a stan-
dard jet of reduced initial mass flow rate and increased diameter.
It is clear that this second regime is of minor interest for practical
applications.
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I. Introduction

A S Denton pointed out in his well-known paper “Loss Mech-
anisms in Turbomachines,”1 the measure of performance for

internal flows is the energy loss, which is directly related to the effi-
ciency of a machine. The entropy is usually used to measure the loss.
Denton derived the total rate of entropy creation across an adiabatic
boundary layer as the following:

Ṡa = d

dx

∫ δ

0

[ρVx (s − sδ)] dy =
∫ δ

0

1

T
τxy dVx (1)

Denton hence concluded that the shear-stress work is the sole
source for the entropy creation of an adiabatic boundary layer. Den-
ton further extended the conclusion of Eq. (1) to the local rate of
entropy creation within a boundary layer as

Ṡv = 1

T
τ

dV

dy
(2)

Based on the shear-stress work distribution within a boundary
layer, Denton indicated that most of the entropy creation is within
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the viscous sublayer and the logarithmic region. Denton also referred
to Dawes’s results,2 which shows that 90% of the entropy generation
occurs within the inner part of a turbulent boundary layer. The inner
layer is a very thin layer from the solid wall surface to the logarithmic
layer (2 to 20% of the boundary-layer thickness3) compared with
the overall thickness of a turbulent boundary layer.

If the preceding conclusions were true, we then face a serious chal-
lenge: the widely used wall-function boundary conditions would be
incorrect to predict the flow loss. The concept of wall functions is to
use the law of the wall to save CPU time by avoiding resolving the in-
ner layer of a turbulent boundary layer when the transport equations
of the turbulence are solved.4 The wall-function concept is used for
both Reynolds-averaged Navier–Stokes and large-eddy-simulation
flow solvers. The first grid point is usually located in the logarith-
mic layer, that is, 30 ≤ y+ ≤ 150. However, inferring from Denton’s
theory,1 we can conclude that wall-function methods, which ignore
the inner layer where most of the entropy is created, would sig-
nificantly underpredict the loss and could not be used for internal
flows.5 This seems contradictory to the common practice to use wall
functions to simulate the internal flows.

Obviously, the boundary-layer energy loss mechanism is not well
understood, and using wall function to predict the flow energy loss is
not assessed even though the wall-function method is widely used.

The objectives of this Note are twofold: 1) study the loss mech-
anism for an adiabatic boundary layer, and 2) examine the applica-
bility of wall function for internal flow loss prediction.

II. Boundary-Layer Loss Mechanism
To study the boundary-layer loss mechanism, we will begin with

the steady-state boundary-layer equations3 for a flat plate, which
include the continuity equation, x- and y-momentum equations,
and the energy equation. In Ref. 4, a detailed derivation is given,
and the following local entropy creation rate along a infinitesimally
thin streamtube is obtained:

∂s

∂l
dṁ = 1

T

(
τxy

∂u

∂y
dy − ∂q

∂y
dy

)
(3)

or

∂s

∂l
dṁ = 1

T
(τxy du − dq) (4)

where dṁ is the mass flow rate in the infinitesimally thin streamtube.
Equation (4) indicates that the local entropy creation rate along

a streamtube within a boundary layer is caused by the shear-stress
work and heat-flux variation. Even for the adiabatic boundary layer
of incompressible flow, the temperature variation is small, but the
dq or dq/dy are large and have the same order of magnitude as the
shear-stress work. This is demonstrated by the theoretical analysis3

and the numerical results presented in the next section of this Note.
The total rate of the entropy creation Ṡa can be obtained by inte-

grating Eq. (3) or (4), that is,

Ṡa =
∫ ṁδ

0

∂s

∂l
dṁ =

∫ δ

0

1

T

(
τxy

∂u

∂y
− ∂q

∂y

)
dy (5)

or

Ṡa =
∫ ṁδ

0

∂s

∂l
dṁ =

∫ δ

0

1

T
(τxy du − dq) (6)

where ṁδ stands for the total mass flow across the boundary layer.
When wall functions are used, the preceding formulations become

Ṡa =
∫ ṁδ

ṁwall function

∂s

∂l
dṁ =

∫ δ

ywall function

1

T
(τxy du − dq) (7)

For an adiabatic boundary layer, the temperature usually does not
vary as largely as the shear-stress work and heat flux. In the preced-
ing integrals, it is reasonable to treat the temperature as a constant.
Using the boundary conditions that q = 0 on the wall surface and at
the edge of the boundary layer, Eq. (6) becomes

Ṡa =
∫ ṁδ

0

∂s

∂l
dṁ =

∫ δ

0

1

T
τxy du (8)

This means that the total rate of entropy creation across a bound-
ary layer is equal to the total shear-stress work in the boundary layer,
which is the same as Denton’s conclusion [Eq. (1)]. However, sim-
ply extending Eq. (8) to determine the local rate of entropy creation
as Eq. (2) is incorrect. The local rate of entropy creation is deter-
mined by Eq. (3) or (4). The dq in Eq. (4), or (∂q/∂y) dy in Eq. (3),
has a very important contribution to the local entropy creation. It is
just canceled out after doing the integral across the boundary layer.

In other words, when we say that the total rate of entropy creation
across a boundary layer is equal to the shear-stress work it is only
correct in the quantitative sense. It is misleading to think it actually
occurs that way. Physically, both heat-flux variation and shear-stress
work cause entropy creation. These two factors always coexist and
interact each other everywhere in the whole boundary layer.

III. Quantitative Analysis of Entropy Creation
An ideal-gas turbulent boundary layer in an adiabatic channel

is solved numerically using Fluent computational-fluid-dynamics
solver to obtain the database for analysis. The total pressure, tem-
perature, and 0-deg flow angle at the inlet and a static pressure at the
exit are specified. The exit static pressure is adjusted to match the
inlet Mach number of 0.2 so that the flow is in the incompressible
regime, which will facilitate the validation of the numerical solu-
tions. The duct has an aspect ratio of 25. The Reynolds number based
on the duct height is Reh = 105. The two equation k–ε model is used
with the low-Reynolds-number model integrating to the wall, which
is a two-layer model based on the blending method suggested by
Jongen.6 The near-wall turbulence viscosity is obtained by using the
one-equation model of Wolfstein.7 A second-order accuracy differ-
encing scheme is used. The no-slip adiabatic boundary conditions
are imposed on the solid wall. The mesh size is 101 × 81. The y+

for the first grid adjacent to the wall is y+
1 = 1.8.

Even though we want to study the entropy creation predicted
by using the wall functions, the benchmark solution needs to be
integrated to the wall so that the whole boundary-layer profile can be
obtained. The solutions with wall-function boundary conditions are
a subset of the solution integrated to the wall. Hence the evaluation
of using the wall functions will be still based on the results from the
solution integrated to the wall.

The numerical solution is fully validated in Ref. 4. The velocity
and temperature profiles agree excellently with the law of wall and
Crocco–Busemann formulation.3 The computed dissipation coef-
ficient also agrees accurately with the results from the correlation
given in Ref. 8. The mesh-refinement study indicated that the so-
lution is mesh-size independent. The numerical solution is hence
sufficiently accurate to provide the database for further entropy cre-
ation analysis.

Figure 1 is the shear-stress distribution vs velocity across the
boundary layer. According to Eqs. (1) and (8), the total area under
the curve is the total rate of entropy creation across the boundary
layer. As pointed out by Denton,1 most of the shear-stress work
occurs in the inner layer. For the present case at y+ = 30, it takes
about 62% of the total area. For y+ = 107, it is 78% of the area.
Obviously, inferred from Denton’s theory, the wall functions located
in the logarithmic layer with 30 ≤ y+ ≤ 150 will miss most of the
entropy creation, or the loss prediction.

Now, let us examine the contribution of the local entropy creation
from the two terms of Eq. (3) and their resultant as shown in Fig. 2.
The dashed line is τxy du/dy vs y+. Figure 3 shows the zoomed part
of Fig. 2 near the wall. τxy du/dy has a very large value near the
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Fig. 1 Distribution of entropy creation caused by shear-stress work
across the boundary layer.

Fig. 2 Distribution of entropy creation across the boundary layer for
individual terms and their resultant.

wall because of the large velocity gradient. This again shows that
the near-wall region takes most of the area under the dashed line as
indicated in Fig. 1.

However, the heat-flux gradient near the wall is also very large
and is in the same order of magnitude as the shear-stress work.
The large rate of entropy creation caused by τxy du/dy is offset by
the heat-flux gradient. On the wall surface, the τxy du/dy is greater
than the dq/dy and results in the maximum entropy creation rate
on the wall surface (see Fig. 3). Above the viscous sublayer, the
dq/dy increases more rapidly than the τxy du/dy and creates a local
negative valley of the rate of entropy creation very close to the wall
with the y+ from about 5 to 20 (the solid line).

The solid line in Fig. 2 shows that the resultant local rate of
entropy creation [Eq. (3)] is fairly uniform for most part of the
boundary layer except near the wall and gradually reduces to zero at
the edge of the boundary layer. Through the whole boundary layer,

Fig. 3 Distribution of entropy creation near the wall for individual
terms and their resultant.

the τxy du/dy and dq/dy have the same order of magnitude. The
integral of the total rate of entropy creation is the area under the
solid line according to Eq. (5). This area is equal to area of Fig. 1
quantitatively. It is also equal to the area under the dashed line in
the same plot of Fig. 2.

With the preceding analysis, we can examine the effect of using
wall functions on the total rate of entropy creation rate. To clearly
see the contribution of each term, the integrals of shear-stress work
and heat-flux gradient of Eq. (5) are separated as follows:

Ṡa =
∫ ṁδ

ṁwall function

∂s

∂l
dṁ

=
∫ δ

ywall function

1

T
τxy

∂u

∂y
dy −

∫ δ

ywall function

1

T

∂q

∂y
dy (9)

Equation (9) can be normalized by ρeu3
e/Te. That is,

Ṡa = Cd − Ch (10)

where

Cd = Te

ρeu3
e

∫ δ

ywall function

1

T
τxy

∂u

∂y
dy (11)

Ch = Te

ρeu3
e

∫ δ

ywall function

1

T

∂q

∂y
dy (12)

Cd is defined as the dissipation coefficient.8 Ch is the heat-
transfer coefficient. Obviously, Cd, Ch, and Ṡa will vary with the
location of the ywall function. Figure 4 shows such variations. For com-
parison purposes, the dash-dot-dot line is the benchmark total rate
of entropy creation integrated from the wall surface as defined in
Eq. (5).

When integrated from the wall surface, as explained for Eq. (8),
the following results are expected:

Ṡa ≈ Cd, Ch ≈ 0 (13)
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Fig. 4 Entropy creation rate computed at different wall-function
location.

The following are the values obtained from the numerical results:

Cd = 0.00146343, Ch = −0.00000553

Ṡa = Cd − Ch = 0.00146896 (14)

The value of Cd agrees excellently with the value of 0.001432
calculated by the correlation given in Refs. 4 and 8. The Ch is
indeed nearly zero. This again indicates that the numerical results
are accurate.

The ywall function needs to be located in the logarithmic layer and
is usually in the range of y+ = 30–150. Figure 4 shows that when
y+

wall function varies from 30 to 170, Cd alone is significantly lower
than the benchmark total rate of the entropy creation. When the con-
tribution of Ch is added, the computed total rate of entropy creation
using wall functions, the solid line, is very close to the benchmark
solution. In particular, if the y+

wall function has the low value such as 30
the difference of the computed total rate of entropy creation from
the benchmark solution is negligible. The contribution from Ch is
about twice larger than the shear-stress work Cd at y+

wall function = 30
and five times larger at y+

wall function = 150.
If only the shear-stress work were considered as the total rate of

entropy creation as given in Eq. (2) by Denton, the error would be
from 62 to 82% when the y+

wall function varies from 30 to 170. When the
heat-flux gradient is added, the error is dramatically reduced to 0.34
to 7.8%. For loss prediction in engineering application, this error
range is within the prediction uncertainty and might be acceptable.
In particular, if the wall functions are used at y+ about 30, the
difference of the loss prediction between using wall functions and
integrating to the wall is negligible.

A case of compressible flow with Mach number of 0.95 for the
duct shows the same behavior as the incompressible case, both qual-
itatively and quantitatively. To save space, the results of the Mach
0.95 case are not shown here.

In Ref. 4, the numerical solutions of a transonic cascade using
wall functions and integrating to the wall are compared. The wake
profiles of the two solutions agree very well. The difference of the
loss prediction using the two methods is 0.8%, which is small and
is consistent with the error range given from the loss mechanism
theory of this Note.

The negative values observed near the wall in Figs. 2 and 3 derive
from the fact that the quantity plotted is proportional to the sub-
stantial derivative of entropy and depend not only on the nonnega-
tive local generation process but also diffusion through molecular
processes as a result of the heat transfer. Thus, although the inte-
gral over the boundary layer yields net entropy increase as required

from the second law there are local regions where entropy change
is negative. Indeed, the computed entropy creation rate, the velocity
profiles, and the temperature profiles agree with those determined
from Schlichting4,8 and the Crocco–Busemann formulation.3,4

IV. Conclusions
The mechanism of entropy creation in an adiabatic boundary layer

is studied. The local entropy creation rate has two sources: shear-
stress work and heat-flux gradient. These two factors have the same
order of magnitude everywhere in the boundary layer. Their bal-
ance results in a fairly uniform distribution of entropy creation rate
across the boundary layer. In the inner-layer region, the large rate
of entropy creation as a result of the velocity gradient and shear
stress is offset by the gradient of the heat flux. A negative entropy
change rate area near the wall is observed caused by the local heat
transfer.

With the new understanding of the entropy creation mechanism,
this study justifies that the wall function methods are applicable to
internal flow loss prediction. For a Mach 0.2 adiabatic boundary
layer in a two-dimensional channel with no separation, the error of
the total rate of entropy creation varies from 0.34 to 7.8% when
the wall functions are applied at y+ = 30–170. This error is within
the engineering application uncertainty. The compressible flow case
of Mach 0.95 shows the same behavior as the incompressible
case.

The previous theory of local entropy creation in a boundary layer
given by Denton did not include the heat-flux gradient factor. The
sole contribution to the local entropy creation rate was considered
as the shear-stress work. Using Denton’s theory to study the appli-
cability of wall-function methods for internal flow loss prediction
would lead to a very large unacceptable error in the range of 60 to
80%. According to the study in this Note, such a large error is false
and is caused by ignoring the heat-flux gradient contribution to the
local rate of entropy creation.
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